We show that the recently proposed DBI extension of new massive gravity emerges naturally as a counterterm in AdS 4 . The resulting on-shell Euclidean action is independent of the cutoff at zero temperature. We also find that the same choice of counterterm gives the usual area law for the AdS 4 Schwarzschild black hole entropy in a cut-off independent manner. The parameter values of the resulting counterterm action correspond to a c = 0 theory in the context of AdS 3 /CFT 2 . We rewrite this theory in terms of the gauge field that is used to recast 3D gravity as a Chern-Simons theory.
New massive gravity(NMG) [1] is an interesting higher derivative theory of gravity in 2+1 dimensions and has been the subject of much interest in recent times. The propagating degree of freedom in this theory is a massive spin-2 field. Interestingly, a different derivation based on the AdS/CFT correspondence was provided in [2] . Assuming that a dual conformal field theory exists, one can demand the existence of a c-theorem which posits the existence of a monotonic function in the space of couplings as the theory flows from the UV to the IR. It is the existence of a simple c-function that made this derivation possible in [2] . By demanding the existence of a simple c-function [3] , this theory can be extended to more than four derivative order [2, 4] . Of course one can ask if there are any interesting theories which are not truncated at a particular order, since any such truncation raises the obvious question as to what happens to higher order terms.
An interesting infinite order extension of gravity is Dirac-Born-Infeld (DBI) gravity. This theory agrees with NMG to quadratic order 1 when a weak field expansion is made. Quite remarkably, the cubic and quartic terms of this theory agree with the values obtained from the AdS/CFT calculation leading to a simple c-function [6, 7] . It was shown in [7] , that the DBI-NMG theory also admits a simple c-function. Further properties of this theory have been investigated in [8] .
Unfortunately, apart from the usual two derivative theory or f (R) theories, it is known that there is a conflict between the unitarity of the bulk gravity theory and that of the boundary CFT [9, 10, 11] . It is quite possible that only the c = 0 theories are to be taken seriously in this context. The relevant CFT may be a logarithmic CFT. There has been some evidence to this effect in the literature [9, 12, 13, 14] . Although these higher derivative theories are interesting in their own right, a fundamental explanation for their origin is still lacking.
In this letter, we will make two interesting observations about NMG. Firstly, by examining counterterms in AdS 4 with different boundary topologies and demanding that the total Euclidean action is independent of the cut-off, we will find that the boundary counterterm coincides with the DBI extension of NMG. The same counterterm leads to an area law for entropy for the Schwarzschild black hole in a cut-off independent manner. Further, it turns out that precisely for this choice of parameter values the DBI-NMG action in 2+1 dimensions would correspond to a c = 0 CFT in 1+1 dimensions. Secondly, we will find a simple way to rewrite this DBI-NMG action in terms of the gauge field that is used to recast 2+1 dimensional Einstein gravity into a Chern-Simons theory [15, 16] .
It is well known that in order to make sense of the bulk action in the AdS/CFT correspondence, one needs to add counterterms since the gravity action typically diverges [17, 18, 19, 20] . In [18] for example, it was shown that the full (Euclidean) gravitational action in D = d + 1 spacetime dimensions has three contributions
where I bulk is the familiar classical action given by
I surf is the Gibbons-Hawking term given by
with K = h mn ∇ mnn being the trace of the extrinsic curvature of the boundary. Here h mn is the induced metric on the boundary defined through h mn = g mn −n mnn withn being an outward pointing unit normal vector to the boundary. The counterterm action I ct can be arranged as an expansion in powers of the boundary curvature [18] :
where R and R µν are the Ricci scalar and Ricci tensor made out of h µν . Our interest in this paper is d = 3 in other words the counterterms in AdS 4 . Notice that the four derivative terms in eq.(4) take the form
which is precisely what arises in new massive gravity! Let us review how this comes about in the analysis of [18] . AdS metrics can be written as
where k = 0, ±1. The metrics dΣ 2 −k,m and dΣ 2 k,m are defined through
where dΩ 2 m is the metric on a unit m-sphere and dΨ 2 m is the metric on a m-hyperboloid whose metric is obtained by the analytic continuation of the metric on the unit m-sphere. In this way AdS 4 can be written such that the boundary is on R 3 , S 3 , H 3 , S 2 × S 1 , H 2 × S 1 . Consider the case when the boundary is S 3 . To derive the above form for I ct let us begin with
Then integrating r between 0 and Λ, with Λ being a cut-off, we find
The square-root form of the result will give us motivation to consider a compact all-order expression for the counterterm to be made precise shortly. For the moment, we find that expanding around Λ → ∞ gives us
We can do a similar analysis for S 1 × S 2 (or S 1 × H 2 ) which gives us
Then demanding that the Λ 3 and Λ divergences cancel gives us κ = 2, µ = 1/2. Now let us demand that the final answer is independent of the cut-off Λ. This means that the 1/Λ terms should also cancel. This leads to λ 1 = −1/2, λ 2 = 3/16 which is what eq. (4) has. This form for I ct makes the result cut-off independent upto O(1/Λ) for any form for AdS allowed by eq.(6). The square-root form for I bulk + I surf for the S 3 case makes it very tempting to conjecture a square-root form for the counterterm action. In particular, let us consider
Mann in [21] considered a similar counterterm without the R µν to remove divergences in AdS 4 . We find that if the total action I AdS is cut-off independent to all orders in Λ for S 3 then there are two choices: Either
or
While the first choice gives us precisely the DBI gravity action proposed in [6] , the second one 2 is also an action proposed in [6] to give NMG upto quadratic order. The actions in [6] have an extra free coupling which we will address in a moment. This seems like a remarkable coincidence! A comment we would like to make here is that we do not have the freedom to add terms like R ρσ R ρσ h µν , R 2 h µν or R µρ R ρσ h σν to eq.(12) since these terms behave like 1/r 2 and would spoil the exact cancellation of the cut-off dependence. Performing the same analysis for S 1 × S 2 selects eq.(13) as the only set of parameters. As shown in [6, 7] this choice is also consistent with the c-theorem method of extending the NMG actions to higher orders in [2] . The counterterm eq.(12) with eq. (13) give us a cut-off independent result for any metric of the form in eq.(6).
If we look at the counterterm action in eq. (12) , it is tempting to attempt a field redefinition by which we can seth
This would reset the entire counterterm action to the non-dynamical boundary cosmological constant term. Since h µν is the boundary value of the bulk metric, this boundary field redefinition would need to arise from a more complicated bulk field redefinition 3 which would make the bulk action higher derivative. Hence we will refrain from making this redefinition. At this point, one can ask if these counterterms give rise to sensible thermodynamics for AdS black holes even in the presence of a cut-off. It would be a strong check if we can show that the Bekenstein-Hawking area law is still satisfied in a cut-off independent manner with this choice of counterterm. This must be true as the bulk action is just Einstein-Hilbert with a cosmological constant. A straightforward, if somewhat tedious, calculation shows that the on-shell action is cut-off dependent. This is actually expected since in the free energy expression, entropy times temperature appears. If the temperature is cut-off dependent, as turns out to be the case, it must be that to have a cut-off independent entropy, the free energy and hence the action must be cut-off dependent. At this stage, it is essential to realize that the definition of temperature needs some care. The point is that we need to use a coordinate system that ensures that the 2 The second choice is presumably relevant for de Sitter spaces. speed of light of the boundary theory (with cut-off) is unity. This entails redefining the time coordinate by a cut-off dependent factor which in turn renormalizes the temperature. Once this is taken into account, we indeed find that the entropy is given by the Bekenstein-Hawking area law as it should! Let us illustrate this in more detail for the spherical case. We write the metric as
where we have put in a factor of N in front of dt 2 . This factor is chosen to be g(Λ)/[1 + f (Λ)] to ensure that the speed of light is unity in the cut-off field theory. Here f (r) = r 2 /L 2 − µ/r and g(r) = r 2 . We can write µ = r 0 + r 3 0 /L 2 with r 0 being the location of the horizon. Then the temperature works out to be
Then we proceed as usual by defining the free energy through W = T I E and entropy through S = −∂W/∂T = −∂ r 0 W/∂ r 0 T where we are holding the cut-off fixed. This readily gives
Without the crucial N dependent factor in the definition of temperature, one would not get this expected result unless we are in the Λ = ∞ limit. This computation therefore demonstrates that our counterterm is indeed doing its role as expected in the computation of the BekensteinHawking entropy. Writing the entropy density as s = c S T 2 then would imply that the effective number of degrees of freedom, c S , depends on the cut-off. Let us now ask the question as to what happens if I BI was treated as a stand-alone action rather than a counterterm. In the context of AdS/CFT, I BI will be dual to a 1+1 CFT. The action proposed in [6] in Euclidean signature consists of two pieces
where
In order for the weak field expansion to be consistent with eq.(4), we need to set λ = 2/L 2 . But then comparing with eq.(12) and eq. (13) we have ( λ 2m 2 + 1) = 0. As shown in [7] , the central charge of the 1+1 CFT is proportional to ( λ 2m 2 + 1). Thus the choice of parameters in eq. (13) in the AdS/CFT context corresponds to having a dual CFT with zero central charge! Of course this only makes sense if we treated this action as a stand-alone action in the context of AdS 3 /CFT 2 and not as a counterterm to AdS 4 . Further, the mass of the massive mode has been pushed to zero 4 . It will be interesting to consider fluctuations of the boundary metric along the lines of [22] with Neumann boundary conditions.
One important comment about the stand-alone c = 0 DBI-NMG action is the following. Consider doing the field redefinition in eq. (15) . Naively this would appear to make the theory trivial. However, the field redefinition cannot trivialise this action. In order to see this, consider the path integral representation for this theory. While the field redefinition in eq. (15) would reduce the action to a trivial volume element, the change in the integration measure will give rise to a Jacobian factor. Since the field redefinition involves derivatives of the metric tensor, the Jacobian when put back in the exponent will reinstate the dynamics into the new action 5 .
It is well known that three dimensional gravity can be written in terms of a Chern-Simons gauge theory [15, 16] . The one form gauge field is a linear combination of spin connection ω ab and dreibein,
where ω a = ǫ abc ω bc /2 is dualised spin connection and e is dreibein and a is a gauge index corresponding to SL(2,R) 6 . Note that a runs from 1 to 3 which coincides with the number of spacetime dimensions. The field strength corresponding to this gauge field can then be related to the Riemann curvature subject to metric compatibility of the connection,
The metric compatibility condition in terms of dreibein and spin connection is the torsion free constraint
Once we impose the torsion free constraint, the field strengths for both gauge fields is identical because before imposing the constraint they differ by the torsion constraint. For later purposes it is appropriate to define the field strength
F a µν does not contain the torsion constraint and therefore is suitable for expressing the curvature tensor in terms of gauge field strength. We will be using eq. (23) to rewrite the DBI-NMG action in terms of gauge fields. To do that we note the following identity in 3 dimensions [23] 
Since we are interested in writing all geometric quantities in terms of gauge fields, we will use eq.(21) and eq.(23) to express the Einstein tensor in terms of the gauge field strength F a µν
It is more instructive to write the Einstein tensor with mixed indices
This equation can be further rearranged to write the gauge field strength in terms of geometric quantities, namely the dreibeins and the Einstein tensor,
using which we find
The dual gauge field strength carries mixed indices, however as mentioned before, in three dimensions, gauge and spacetime indices have same range and therefore the determinant of dual field strength is a sensible quantity to consider. In fact, it can be written in a more suggestive form as
While the lagrangian density, in terms of the metric, reproduces the lagrangian density of the new massive gravity in the weak field expansion, there is no such expansion available in the gauge field formulation. At this point, it is interesting to note that we can write a more general action by adding a Chern-Simons action to this gauge theory action:
We can express (30) in terms of the gravity variables,
This would correspond to a 1+1 CFT with c = 0 for non-vanishing ξ.
In this letter, we have found that the DBI extension of new massive gravity can arise as a counterterm in AdS 4 . This choice makes the zero temperature action cut-off independent and gives a sensible area law for the Schwarzschild black hole. Let us now comment on possible generalizations to higher dimensions. If one considers odd bulk dimensions, then the dual CFT is even dimensional and has conformal anomalies. These manifest themselves as logarithmic terms in the on-shell bulk action evaluated for non-trivial boundary topologies. There are no local counterterms which can remove these logarithmic divergences and it is not apriori clear that the magic in 3+1 dimensions can be extended to odd dimensional bulk theories. We leave the examination of higher even bulk dimensions as an interesting open problem. It will also be interesting to work out the counterterms in the presence of higher derivative terms in the bulk action (see for example [24] for interesting actions with higher derivative terms) to see if there is a general lesson to be learnt.
Finally let us comment on the relation between recent work on holographic renormalization group flows [25, 26, 27, 28] . These attempt at putting the boundary at a finite radius and integrating out all the degrees of freedom associated with larger values of radius. Schematically the total action is written as [28] 
where S B is a boundary action defined on r = Λ and can be viewed as a boundary state for the bulk theory in the region r < Λ. The choice of the cut-off is arbitrary and the on-shell action is independent of the cut-off in case of pure AdS bulk. However, in case of geometries which asymptote to AdS, the on-shell action is cut-off dependent but it is just as well, because the cut-off dependence of the on-shell action as well as the local temperature is such that it correctly reproduces the Bekensetin-Hawking entropy in case of AdS-black hole backgrounds. In what we are doing S B is the sum of the Gibbons-Hawking term and the counterterm. Since we have found the total action to be cut-off independent for T = 0, we have effectively solved the flow equations in [28] for gravity to leading order in the context of AdS 4 /CFT 3 .
To understand utility of these counterterms, it is instructive to look at them from the boundary field theory point of view 7 . In the field theory, one defines a set of local counterterms once and for all, irrespective of what vacuum one is working with. One could then be working with a cut-off field theory or with a finite temperature field theory-this does not affect the local counterterms. For example, the Euclidean description of a finite temperature field theory corresponds to making the Euclideanised time coordinate periodic. This global periodicity condition does not affect the form of the local counterterms. As a result even thermal field theories will have the same set of local counterterms. Of course, one has to ask appropriate questions about physical observables in such theories. We have looked at this problem from the bulk side and have demonstrated that the Bekenstein-Hawking entropy of the black hole in AdS space can be recovered if we define the local temperature at the cut-off surface appropriately. In the same vein, it would be interesting to find a prescription for correlation functions of physical observables. We will leave this analysis for future work.
